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In this paper we treat cyclotomic binary duadic codes. The
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residue codes. We shall prove this conjecture by using the special
case of Tschebotareff’s density theorem.
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1. Introduction
Duadic codes were deﬁned by J.S. Leon, J.M. Masley and V. Pless in [5] related to the study of
idempotent generators of quadratic residue codes. This family of binary duadic codes includes the
binary quadratic codes of prime length. One of the open problems on duadic codes stated by C. Ding
and V. Pless in [1] and [2] is the following: For which primes p are there duadic codes of length p that
are not quadratic residue codes? They answered there exist inﬁnitely many cyclotomic duadic codes
of order 4, 6. In this paper we shall show that inﬁnitely many cyclotomic duadic codes of order 2e
exist in general. Indeed, cyclotomic duadic codes of order 2e can be found by the orbit decomposition
of F×p via multiplicative action by 2, when 2 is a 2e-th power modulo p. The idempotent generator
of a cyclotomic duadic code is obtained as a union of those orbits and clearly some generators yield
codes that are not quadratic residue codes. The inﬁnitely many cyclotomic duadic codes of order 2e
thereby exist if Spl{x2e − 2} is an inﬁnite set, where Spl{x2e − 2} denotes the set of all primes such
that x2e − 2 factors into distinct linear polynomials modulo p. It follows from the special case of
Tschebotareff’s density theorem.
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about these numbers. In Section 3 we will deﬁne duadic codes and cyclotomic duadic codes, and we
study for some orbit decomposition of F×p . In Section 4, ﬁrst we recall the higher reciprocity law for
polynomial, and we prove the conjecture of Ding and Pless using the Tschebotareff’s density theorem.
2. Cyclotomy and its generalization
2.1. Generalized cyclotomic numbers
Let n  2 be a positive integer, and let F×n be the multiplicative group of Fn where Fn = Z/nZ.
A partition {D0, D1, . . . , Dd−1} of F×n is a family of sets with
Di ∩ D j = φ for all i = j
and
F×n =
d−1⋃
i=0
Di .
If D0 is a subgroup of F×n , and there are g1, . . . , gd−1 of F×n such that Di = gi D0 for all i, these Di
are called generalized cyclotomic classes of order d. The generalized cyclotomic numbers of order d
are deﬁned by
(i, j)d =
∣∣(Di + 1) ∩ D j∣∣, i, j = 0,1, . . . ,d − 1.
When n is prime, it is referred to as classical cyclotomic number considered in detail by C.F. Gauss in
his book ‘Disquisitiones Arithmeticae’.
2.2. Elementary properties of the number (i, j)d
Let df +1 be an odd prime and let θ be a ﬁxed primitive element of Fn . Denote the subgroup 〈θd〉
as D0, then the coset decomposition of F×n is
F×n =
d−1⋃
i=0
Di,
where Di = θ i D0 for i  0. Clearly, there are at most d2 distinct (classical) cyclotomic numbers of
order d and these numbers depend not only on n, d, i, j but also on which of the ϕ(n − 1) primitive
elements of Fn is chosen. We have the following elementary properties about cyclotomic numbers
which are not hard to prove:
1◦
d−1∑
j=0
(i, j)d = f − ni, where ni =
{1, if i ≡ 0 mod d, f : even,
1, if i ≡ d2 mod d, f : odd,
0, otherwise.
2◦
d−1∑
i=0
(i, j)d = f − k j, where k j =
{
1, if j ≡ 0 mod d,
0, otherwise.
3◦ Diagonal sums:
d−1∑
(i, i + j)d =
{
f − 1, if j = 0,
f , if j = 0.i=0
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d−1∑
i=0
d−1∑
j=0
(i, j)d = df − 1 = n − 2.
Remark 1. By analyzing the cyclotomic numbers ( j, i)3, Gauss proved the following remarkable result:
If 4p = a2 + 27b2 and a ≡ 1 mod 3, then the number of solutions modulo p of x3 − y3 ≡ 1 mod p is
p + a − 2.
3. Application in duadic codes
3.1. Duadic codes
In this subsection, we note the deﬁnition of duadic codes over an extension ﬁeld Fq of the prime
ﬁeld Fp (q = pl) and we collect without proof some properties of these.
A vector c = (c0, c1, . . . , cn−1) over Fq is called an even-like if it satisﬁes ∑n−1i=0 ci = 0 in Fq , and
odd-like else. A code is said to be even-like code if all its vectors are even-like and odd-like code pro-
vided it contains at least one odd-like vector. The set ε of even-like vector in Fq[x]/(xn − 1) (∼= Fnq)
forms an (n,n − 1) cyclic code which dual code ε⊥ is the repetition code with generating idempo-
tent u(x) and so ε has generating idempotent 1 − u(x), where u(x) = 1n (1 + x + x2 + · · · + xn−1). For
cyclic codes C with generator polynomial g(x), we have the following.
(1) C is even-like code if and only if u(x) /∈ C if and only if (x− 1) | g(x).
(2) C is odd-like code if and only if u(x) ∈ C if and only if (x− 1)  g(x).
Let C1 = 〈e1(x)〉 and C2 = 〈e2(x)〉, where e1(x) and e2(x) are the even-like idempotents associated
to the cyclic codes C1 and C2. Then C1 and C2 are called a pair of even-like duadic codes if
e1(x) + e2(x) = 1− u(x)
and
μaC1 = C2 and μaC2 = C1
for some coordinate permutation μa : i → ai mod n for i ∈ {0,1, . . . ,n − 1}, where a is an integer
smaller than n such that gcd(a,n) = 1. Associated to C1 and C2 is the pair of odd-like duadic codes
D1 = 〈1− e2(x)〉 and D2 = 〈1− e1(x)〉. Then we have
Theorem 1. (See [4,5].)
(1) C1 ∩ C2 = 0,C1 + C2 = ε.
(2) n is odd and dimC1 = dimC2 = n−12 .
(3) D1 is the cyclic complement of C2 , and D2 is the cyclic complement of C1 .
(4) μaD1 = D2 and μaD2 = D1 .
(5) Di = Ci + 〈u(x)〉 = 〈u(x) + ei(x)〉 for i = 1,2.
(6) D1 ∩ D2 = 〈u(x)〉 and D1 + D2 = Fnq .
(7) dim D1 = dim D2 = n+12 .
(8) Duadic codes of length n over Fq exist if and only if q is a square modulo n.
(9) Binary duadic codes of length n exist if and only if n = pa11 . . . parr , where pi is prime and pi ≡ ±1 mod 8
for 1 i  r.
(10) Ternary duadic codes of length n exist if and only if n = pa11 . . . parr , where pi is prime and pi ≡ ±1
mod 12 for 1 i  r.
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It is well known that a cyclic code has an idempotent generator. We put
e(x) =
n−1∑
i=0
eix
i =
∑
i∈E
xi ∈ F2[x]
for some index set E . Since e(x)2 =∑n−1i=0 eix2i , we see that e(x) = e(x)2 holds if and only if 2E = E .
For example, we may take
E = {i2: i ∈ Fp}
under the condition p ≡ ±1 mod 8, and then the code generated by e(x) =∑i∈E xi is a quadratic
residue code of length p. We are interested in an index set E of an idempotent generator of a binary
cyclic code that is not quadratic residue code. A pair of sets E and E⊥ is called a splitting of Fn given
by μ if
E ∪ E⊥ = Fn − {0}, E ∩ E⊥ = φ,
and
μE = E⊥, μE⊥ = E
for some μ ∈ F×n . If {E, E⊥} is a splitting of Fn , then |E| = |E⊥| = n−12 . A cyclic code is called duadic
if its idempotent generator is one of the polynomials
e(x) =
∑
i∈E
xi, e⊥(x) =
∑
i∈E⊥
xi,
1+ e(x) =
∑
i∈E
xi, and 1+ e⊥(x) =
∑
i∈E⊥
xi .
This is another deﬁnition of duadic code by using splitting of Fn above.
3.3. Cyclotomic duadic codes
When a group G acts on a set S , S becomes a disjoint union of orbits Cs = {sg: g ∈ G} for s ∈ S .
For a multiplicative subgroup G of F×n , we have the orbit decomposition
Fn =
⋃
s
Cs
under its multiplicative action by G . If G is a cyclic group generated by g , we simply call it the orbit
decomposition by g . For an integer s with 0 s < n, the orbit
Cs =
{
s, sg, . . . , sgk−1
}
(mod n)
is called a cyclotomic coset of s modulo n, where k is the smallest positive integer such that sgk ≡
s mod n. Then the following proposition is easily obtained.
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the multiplicative action by 2.
We can ﬁnd a generalization of binary quadratic residue codes by the orbits decomposition of an
extension ﬁeld via multiplicative action by 2.
Let p = 2ef + 1 be a prime number and g be a primitive root mod p. The multiplicative action by
g2e on F×p yields the orbit
Ci =
{
g2ex+i: 0 x < p − 1
2e
= f
}
for 0  i < 2e. Under the constructing of splitting {E, E⊥} of Fp by putting together these above
orbits, we deﬁne that a binary cyclotomic duadic code of order 2e is a binary duadic code deﬁned by
the idempotent which is one of e(x) =∑i∈E xi , e⊥(x) =∑i∈E⊥ xi , 1+ e(x), and 1+ e⊥(x). It is known
that all binary duadic codes of prime length are cyclotomic [1,2]. Also we remark that all quadratic
residue codes are cyclotomic duadic codes of order 2.
Binary cyclotomic duadic codes of order 2e can be constructed when orbits by the action of g2e is
a union of orbits by 2 from Proposition 2.
Example 3. Let p = 31 and g = 3. By the multiplicative action by g2e = 36 ≡ 16 mod 31, F×31 is
decomposed into the following orbits:
C0 = {1,16,8,4,2}, C1 = {3,17,24,12,6},
C2 = {9,20,10,5,18}, C3 = {27,29,30,15,23},
C4 = {19,25,28,14,7}, C5 = {26,13,22,11,21}.
Then we ﬁnd the following four splittings, each E and E⊥ of which is a union of the above orbits:
(
E, E⊥
)= (C0 ∪ C2 ∪ C4, C1 ∪ C3 ∪ C5), (C0 ∪ C1 ∪ C2, C3 ∪ C4 ∪ C5),
(C0 ∪ C1 ∪ C5, C2 ∪ C3 ∪ C4), (C0 ∪ C4 ∪ C5, C1 ∪ C2 ∪ C3).
From these splittings we obtain cyclotomic duadic codes of order 6. It is known the ﬁrst splitting
gives the quadratic residue code, and the rest codes are equivalent to [31,16] Punctured Reed–Muller
code which is not equivalent to any quadratic residue codes [2].
The ﬁrst problem concerning these binary cyclotomic duadic codes is for which prime p does such
a code exist. For the case 2e = 4 and 6, C. Ding and V. Pless proved the following theorem:
Theorem 4. (See [1,2].)
(1) Let p = 4 f +1. Then there are cyclotomic duadic codes of length p and order 4 if and only if the following
conditions are satisﬁed:
p ≡ 1 mod 8 and p = a2 + 64b2 (a,b ∈ Z).
(2) Let p = 6 f + 1. Then there are cyclotomic duadic codes of length p and order 6 if and only if one of the
following two sets of conditions is satisﬁed:
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p ≡ 7 mod 24 and p = a2 + 27b2 (a,b ∈ Z).
(3) Let p = 12 f + 1. Then there are cyclotomic duadic codes of length p and order 12 if and only if the
following conditions are satisﬁed:
{ p ≡ 1 mod 24,
p = a2 + 64b2 (a,b ∈ Z),
p = x2 + 27y2 (x, y ∈ Z).
Now we assume that 2 is a 2e-th power residue mod p, that is
p ≡ 1 mod 2e and 2 p−12e ≡ 1 mod p.
Then we have
|Ci | = p − 12e
for all i. In this condition, we have the following explicit construction of splittings of F×p in order to
ﬁnd cyclotomic duadic codes of length p:
Theorem 5. Let l be a divisor of 2e such that 2el is even, and let m be an integer such that 0m l − 1. Then
we have the splitting (El,m, E⊥l,m) of F
×
p
El,m =
⋃
a≡m+k mod 2l
0kl−1
Ca, E
⊥
l,m =
⋃
a≡m+l+k mod 2l
0kl−1
Ca
and μ = gl .
By Theorem 5, the number of the above splittings for a given order 2e is
∑
l|e l and each splitting
gives an index set of an idempotent generator of a cyclotomic duadic code of length p and order 2e.
Example 6. p = 601 is the smallest prime number such that 2 is a 12-th power residue modulo p.
Take the primitive root g = 7, then orbit Ci is given by
Ci =
{
712x+i: 0 x 49
}
for 0 i  11. Take divisors l = 1,2,3,6 of 2e = 12, then there are the following splittings:
(1) l = 1; E1,0 = C0 ∪ C2 ∪ C4 ∪ C6 ∪ C8 ∪ C10.
(2) l = 2; E2,0 = C0 ∪ C1 ∪ C4 ∪ C5 ∪ C8 ∪ C9,
E2,1 = C1 ∪ C2 ∪ C5 ∪ C6 ∪ C9 ∪ C10.
(3) l = 3; E3,0 = C0 ∪ C1 ∪ C2 ∪ C6 ∪ C7 ∪ C8,
E3,1 = C1 ∪ C2 ∪ C3 ∪ C7 ∪ C8 ∪ C9,
E = C ∪ C ∪ C ∪ C ∪ C ∪ C .3,2 2 3 4 8 9 11
10 H. Tada et al. / Finite Fields and Their Applications 16 (2010) 4–13Table 1
p 3000 and 2 is a 2e-th power mod p.
l | e p
2e = 4 1, 2 73, 89, 113, 233, 257, 281, 337, 353, 577, 593, 601, 617, 881, 937,
1033, 1049, 1097, 1153, 1193, 1201, 1217, 1249, 1289, 1433, 1481,
1553, 1601, 1609, 1721, 1753, 1777, 1801, 1889, 1913, 2089, 2113,
2129, 2273, 2281, 2393, 2441, 2473, 2593, 2657, 2689, 2833, 2857
2e = 6 1, 3 31, 127, 223, 433, 439, 457, 601, 727, 919, 1327, 1399, 1423, 1471,
1657, 1753, 1777, 1801, 1831, 1999, 2017, 2089, 2113, 2143, 2281,
2287, 2383, 2671, 2689, 2767, 2791, 2833
2e = 8 1, 2, 4 73, 89, 233, 257, 337, 601, 881, 937, 1217, 1249, 1289, 1433, 1553,
1609, 1721, 1777, 1801, 1913, 2089, 2113, 2441, 2593, 2657, 2833
2e = 10 1, 5 151, 241, 431, 641, 911, 2351
2e = 12 1, 2, 3, 6 601, 1753, 1777, 1801, 2089, 2113, 2281, 2689, 2833
2e = 14 1, 7 631, 673, 953, 2143, 2857
2e = 16 1, 2, 4, 8 257, 337, 881, 2113, 2593, 2657
2e = 18 1, 3, 9 127, 1657, 1801, 2089
2e = 20 1, 2, 10 NONE
2e = 22 1, 11 1321
2e = 24 1, 2, 3, 4, 6, 12 601, 1777, 1801, 2089, 2113, 2833
(4) l = 6; E6,0 = C0 ∪ C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5,
E6,1 = C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5 ∪ C6,
E6,2 = C2 ∪ C3 ∪ C4 ∪ C5 ∪ C6 ∪ C7,
E6,3 = C3 ∪ C4 ∪ C5 ∪ C6 ∪ C7 ∪ C8,
E6,4 = C4 ∪ C5 ∪ C6 ∪ C7 ∪ C8 ∪ C9,
E6,5 = C5 ∪ C6 ∪ C7 ∪ C8 ∪ C9 ∪ C10.
Each El,m is associated with
E⊥l,m = E − El,m,
where E =⋃0i11 Ci . Hence we obtain ∑l|6 l = 12 splittings.
Now we have the following main theorem of this section which is not hard to prove.
Theorem 7. Let p = 2ef + 1 be a prime. Then there are cyclotomic duadic codes of length p and order 2e if
2 is a 2e-th power residue modulo p.
In particular case l = 1, the splitting (E1,0, E⊥1,0) divides F×p into two sets, E1,0 consisting of
quadratic residues, and E⊥1,0 consisting of non-quadratic residues. Therefore this splitting gives
quadratic residue codes.
At the end of this section we give a table of primes such that 2 is an even power modulo p (see
Table 1).
4. The conjecture of Ding and Pless
In Section 3.3, we showed that cyclotomic duadic codes of prime length p and order 2e that are
not quadratic residue codes, can be constructed under the conditions
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The second problem for cyclotomic duadic codes of length p is whether there are inﬁnitely many
primes for which such a code exists. The aﬃrmative answer for this problem is called the conjecture
of Ding and Pless [2]. If there are inﬁnitely many such primes, there will be inﬁnitely many cyclotomic
binary duadic codes of order 2e. In this section we settle such problem, and we shall solve it with
the help of number theory.
4.1. Higher reciprocity law
Let f (x) be a monic irreducible polynomial with integer coeﬃcients. Reducing the coeﬃcients
of f (x) modulo p, we obtain a polynomial f p(x) with coeﬃcients in Fp . We deﬁne Spl{ f (x)} to
be the set of primes such that f p(x) factors into a product of distinct linear polynomials over Fp .
We may call a rule to determine the primes belonging to Spl{ f (x)} a higher reciprocity law for the
polynomial f (x). The usual law of quadratic reciprocity in the number theory gives a reciprocity law
in the above sense: Let q be an odd prime, then the set Spl{x2 − q} can be described by congruence
conditions modulo q if q ≡ 1 mod 4, and modulo 4q if q ≡ 3 mod 4. There is a number-theoretic study
of higher reciprocity laws in [3] and it turn out to be hard in general. For related to our problem, we
have the following well-known examples [3]:
Spl
{
x2 − 2}= {p ≡ ±1 mod 8},
Spl
{
x3 − 2}= {p ≡ 1 mod 3, p = a2 + 27b2 (a,b ∈ Z)},
Spl
{
x4 − 2}= {p ≡ 1 mod 8, p = a2 + 64b2 (a,b ∈ Z)}.
From the third relation and Theorem 4(1), we have the following.
Theorem 8. There are binary cyclotomic duadic codes of length p and order 4 if and only if p ∈ Spl{x4 − 2}.
Now we describe two propositions related to Spl{xN − a}.
Proposition 9. Let a be an integer such that a ≡ 0 mod p. Then, a is an N-th power residue modulo p if and
only if p ∈ Spl{xN − a}.
Proof. Let a be an N-th power residue modulo p. Then we have a
p−1
N ≡ 1 mod p. Therefore a = gNl
for some integer l, where g is a primitive root modulo p. Hence gl+
p−1
N k (0 k  N − 1) are distinct
N roots of xN −a ≡ 0 mod p. Conversely, p ∈ Spl{xN −a} implies xN −a = 0 has distinct N roots in Fp .
Therefore a is an N-th power residue modulo p. 
Proposition 10. Let N1 and N2 are relatively prime positive integers. Then p ∈ Spl{xN1N2 − a} if and only if
p ∈ Spl{xN1 − a} and p ∈ Spl{xN2 − a}.
Proof. By Proposition 9, it is enough to show that a
p−1
N1N2 ≡ 1 mod p is equivalent to a
p−1
N1 ≡ a
p−1
N2 ≡
1 mod p. Since (N1,N2) = 1, there exist integers x and y satisfying N1x+N2 y = 1, and hence p−1N2 x+
p−1
N1
y = p−1N1N2 . Therefore a
p−1
N1N2 ≡ 1 mod p follows from a
p−1
N1 ≡ a
p−1
N2 ≡ 1 mod p and vice versa. 
By Proposition 10, we have
Spl
{
x6 − 2}= {p ≡ 1,7 mod 24, p = a2 + 27b2},
Spl
{
x12 − 2}= {p ≡ 1 mod 24, p = a2 + 27b2, p = l2 + 64m2}.
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Theorem 11.
(1) Let p = 6 f + 1. Then there are cyclotomic duadic codes of length p and order 6 if and only if p ∈
Spl{x6 − 2}.
(2) Let p = 12 f + 1. Then there are cyclotomic duadic codes of length p and order 12 if and only if p ∈
Spl{x12 − 2}.
In general, very little can be said about such representation of the set Spl{x2e − 12}. At the end
of this subsection, we have the following remarkable equality by combining the above Proposition 9
with Theorem 7:
Theorem 12. Let p = 2ef + 1 be a prime. Then there are cyclotomic duadic codes of length p and order 2e if
and only if p ∈ Spl{x2e − 2}.
4.2. The Tschebotareff density theorem and its application
Let Π be the set of all prime numbers and T ⊂ Π be any subset. For any real number x 1, we
put
δ(x, T ) = |{p ∈ T : p < x}||{p ∈ Π : p < x}| .
If T is a set of primes such that limx→∞ δ(x, T ) = δ(T ) < ∞, then we call that T has density δ(T ).
One can prove that a set of primes is inﬁnite by showing it has a non-zero density. We have now the
following Tschebotareff density theorem [6].
Theorem 13 (Tschebotareff). Let f (x) be an irreducible polynomial of integer coeﬃcients with Galois group G.
Let C be a ﬁxed conjugacy class of elements in G, and let S be the set of primes whose Artin symbol Cp equals
to C . Then S has a density, and
δ(S) = |C ||G| .
In particular, if C = {1}, then S = Spl{ f (x)} and
δ
(
Spl
{
f (x)
})= 1|G| = 1[K f : Q] = 0,
where K f denotes the minimal splitting ﬁeld of f (x) over the rational number ﬁeld Q. For our pur-
pose we take f (x) = x2e − 2. Since x2e − 2 is irreducible, we see
δ
(
Spl
{
x2e − 2}) = 0.
Therefore there are inﬁnitely many primes such that 2 is a 2e-th power residue modulo p by Propo-
sition 9, and ﬁnally we have the following theorem for the inﬁnity:
Theorem 14. There are inﬁnitely many primes p such that there are binary cyclotomic duadic codes of length p
and order 2e for e  2 that are not quadratic residue codes.
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